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Capelli identity on multiparameter quantum linear
groups
Naihuan Jing and Jian Zhang
Abstract. A quantum Capelli identity is given on the multiparame-
ter quantum general linear group based on the (pij , u)-condition. The
multiparameter quantum Pfaffian of the (pij , u)-quantum group is also
introduced and the transformation under the congruent action is given.
Generalization to the multiparameter hyper-Pfaffian and relationship
with the quantum minors are also investigated.
1. Introduction
In the study of quantum groups, multiparameter quantum groups and
quantum enveloping algebras were considered along the line of one-parameter
quantum groups [23, 22, 19, 3, 4] and have been a source for further de-
velopments. It was known that several of their important properties are
similar to the one-parameter analog, for example, Artin-Schelter-Tate [1]
showed that the multiparameter general linear quantum group has the same
Hilbert function for the polynomial functions in n2 variables under the so-
called (p, λ)-condition (see (2.1) or (p, u)-condition in our notation). Further
results have been established for two-parameter and multi-parameter quan-
tum groups [21, 2, 8, 14, 11] such as the multiparameter quantum determi-
nant, which converts quantum semigroups into quantum groups. Recently
it is known that the quantum Pfaffians can be extended to two-parameter
quantum groups as well [13].
In this paper, we study the generalization of the classical action of
GLn(C) × GLn(C) on the ring of differential operators P(Mn(C)), which
provides a complete set of generators for the center of U(gln(C)). This
problem has been an inspiring example in the classical invariant theory [24]
and offers one context for the celebrated Capelli identity and Howe’s dual
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pairs [9]. The quantum Capelli identity for Yangians was first given in [17]
and has played an important role in the development of the Yangian algebra
Y (gln) [16]. The quantum analog for the quantum general linear group was
established in [18] using Jimbo’s central element in Uq(gln).
As an interesting application of the multiparameter quantum determi-
nant, we formulate a generalized Capelli identity on the multiparameter
general linear group GLp,u(n) by constructing a quasi-central element in the
dual algebra Up,u(gln) using the fusion method. The specialization of the
Capelli identity at equal parameters pij = u matches with the quantum
Capelli identity given in [18]. We also generalize our recent study of quan-
tum Pfaffians from two-parameter quantum groups to the multiparameter
case.
Using the general construction of Faddeev-Reshetikhin-Takhtajan [5,
20], we construct a pair of Hopf algebras to deform GLn and U(gln) for a
multiparameter R-matrix. Our main technique is to use quadratic algebras
[16] to study quantum determinants and quantum Pfaffians, and express
them as the scaling constants of quantum differential forms (cf. [12]). In
particular, we prove that the multiparameter quantum Pfaffian can be de-
fined for a more general class of multiparameter quantum matrices and de-
rive an identity between the quantum determinant and Pfaffian. Moreover,
we give the integrality property for multiparameter quantum Pfaffian under
the (pij , u)-conditions.
We also formulate the multiparameter quantum determinants in terms
of the quasideterminant of the generating matrix. Generalizing the one-form
and two-form, we obtain higher degree analogs of the multiparameter Pfaf-
fians and establish the transformation rule of the multiparameter quantum
hyper-Pfaffian under the quantum determinant, which extends the funda-
mental transformation rule of Pfaffians in linear algebra.
The paper is organized as follows. In section two, we introduce the
multiparameter quantum general linear group GLp,u(n) via the generalized
quantum Yang-Baxter R-matrix and quantum determinant. We include the
details of multiparameter quantum determinant for latter generalization. In
section three, we formulate the quasideterminant version of GLp,u(n). In
section four we define the dual Hopf algebra Up,u(gln) and factorize the
matrix of the quantum root vectors by that of quantum partial derivatives.
Using a special quasi-central element of Up,u(gln), we derive the quantum
Capelli identity in the multiparameter setting. In section five, we introduce
the notion of multiparameter quantum Pfaffian and establish its integrality
under (pij, u)-condition and obtain the fundamental transformation formula
relating the quantum Pfaffian and determinant. Finally in section six, we
study the multiparameter higher quantum Pfaffians using q-forms.
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2. The multiparameter quantum general linear group GLp,u(n)
Let (pij , qij) (i < j) and u be parameters satisfying the following condi-
tion [1]:
(2.1) pijqij = u
2, u2 6= −1, i < j.
For convenience, we also add pij , qij for i ≥ j so that
pijpji = qijqji = 1,(2.2)
pii = qii = 1.(2.3)
The multiparameter R matrix in End(Cn ⊗ Cn) ≃ End(Cn)⊗2 is given as:
R = u
∑
i
eii ⊗ eii + u
−1
∑
i>j
pjieii ⊗ ejj + u
−1
∑
i<j
qijeii ⊗ ejj
+ (u− u−1)
∑
i>j
eij ⊗ eji,
where eij are the standard basis elements of End(C
n). TheR matrix satisfies
the well-known Yang-Baxter equation:
R12R13R23 = R23R13R12,
where Rij ∈ End(C
n ⊗ Cn ⊗ Cn) acts on the ith and jth copies of Cn as R
does on Cn ⊗ Cn. Note that it specializes to the two-parameter case with
pij = s, qij = r
−1 and u =
√
s
r
up to an overall constant [11]. In particular,
the one-parameter case corresponds to pij = qij = u = q [10].
Let C〈x1, . . . , xn〉 be the free algebra generated by xi, 1 ≤ i ≤ n, and
P the permutation operator on Cn ⊗ Cn defined by P (w ⊗ v) = v ⊗ w,
w, v ∈ Cn. We define the R-matrices R± associated with R by R+ = PRP ,
R− = R−1. Explicitly
R+ = u
∑
i
eii ⊗ eii + u
−1
∑
i<j
pijeii ⊗ ejj + u
−1
∑
i>j
qjieii ⊗ ejj
+ (u− u−1)
∑
i<j
eij ⊗ eji,(2.4)
R− = u−1
∑
i
eii ⊗ eii + u
∑
i>j
p−1ji eii ⊗ ejj + u
∑
i<j
q−1ij eii ⊗ ejj
+ (u−1 − u)
∑
i>j
eij ⊗ eji.(2.5)
Following the general idea of the FRT construction [5], we introduce
Mp,u(n) as the unital associative algebra generated by tij, 1 ≤ i, j ≤ n
subject to the quadratic relations defined in End(Cn ⊗ Cn)⊗Mp,u(n) by
RT1T2 = T2T1R,
where T = (tij), T1 = T ⊗ I, and T2 = I ⊗ T .
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These relations can be expressed explicitly as follows:
tiktil = qkltiltik,(2.6)
tiktjk = pijtjktik,(2.7)
qkltiltjk = pijtjktil,(2.8)
q−1kl tiktjl − q
−1
ij tjltik = (1− u
−2)tiltjk,(2.9)
where i < j and k < l. The algebra Mp,u(n) has a bialgebra structure under
the comultiplication Mp,u(n) −→ Mp,u(n)⊗Mp,u(n) given by
(2.10) ∆(tij) =
n∑
k=1
tik ⊗ tkj,
and the counit given by ε(tij) = δij , the Kronecker symbol. The coproduct
can be written simply as ∆(T ) = T ⊗˙T . This version of quantum semigroup
generalizes the two-parameter quantum case of [23].
For any permutation σ in Sn, the q-inversion associated to the parame-
ters qij is defined as
(2.11) (−q)σ = (−1)
l(σ)
∏
i<j
σi>σj
qσjσi ,
where l(σ) = |{(i, j)|i < j, σi > σj}| is the classical inversion number of
σ. The p-inversion number is defined similarly. In this paper, we use the
v-based quantum number defined by
(2.12) [n]v = 1 + v + · · ·+ v
n−1,
and the quantum factorial [n]v! = [1]v [2]v · · · [n]v for any natural number
n ∈ N. In particular, [0]! = 1.
We define the quantum row-determinant and column-determinant of T
as follows.
rdet(T ) =
∑
σ∈Sn
(−q)σt1,σ1 · · · tn,σn ,(2.13)
cdet(T ) =
∑
σ∈Sn
(−p)σtσ1,1 · · · tσn,n.(2.14)
The first property we show is that both are group-like elements:
∆(rdet(T )) = rdet(T )⊗ rdet(T ),
∆(cdet(T )) = cdet(T )⊗ cdet(T ).
To see this we use two multi-parameter quantum exterior algebras as-
sociated to the parameters pij and qij. Set R̂ = PR, and for a polynomial
f(t) ∈ C[t] we denote by If,l the two-sided ideal generated by the relation
f(R̂)(X1 ⊗X2) = 0,
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where X = (x1, . . . , xn)
t. The quotient algebra
Cf,l(X) = C〈x1, . . . , xn〉/If,l.
becomes a left Mp,u(n)-comodule [5] under the structural map µl : Cf,l(X)→
Mp,u(n)⊗Cf,l(X) by µl(X) = T ⊗˙X, where ⊗˙ means the composition of ten-
sor product with matrix product, explicitly
µl(xi) =
n∑
j=1
tij ⊗ xj .(2.15)
Similarly we denote by If,r the two-sided ideal generated by the relation
(Y t1 ⊗ Y
t
2 )f(R̂) = 0,
where Y = (y1, . . . , yn)
t.
The quotient algebra Cf,r(Y ) = C〈y1, . . . , yn〉/If,r has a right comodule
structure under the map µr : Cf,l(Y )→ Cf,l(Y )⊗Mp,u(n) given by µr(Y
t) =
Y t⊗˙T .
Theorem 2.1. In the bialgebra Mp,u(n), one has that
rdet(T ) = cdet(T ).
Proof. Let f = R̂+u−1. It is easy to see that the relations of Λq(X) :=
Cf,l(X) are given by
xjxi = −qijxixj ,(2.16)
x2i = 0,(2.17)
where 1 6 i < j 6 n. The relations of Λp(Y ) = Cf,r(Y ) are
yjyi = −pijyiyj,(2.18)
y2i = 0,(2.19)
where 1 6 i < j 6 n.
Applying (∆⊗ id)µl = (id⊗ µl)µl to xi1 · · · xit , one has that
(2.20) rdetq(T
i1...it
j1...jt
) =
∑
k1<···<kt
rdetq(T
i1...it
k1...kt
)⊗ rdetq(T
k1...kt
j1...jt
).
where T i1...itj1...jt refers to the r× r-submatrix formed by the rows and columns
of the top and lower indices. Similarly
(2.21) cdetq(T
i1...it
j1...jt
) =
∑
k1<···<kt
cdetq(T
i1...it
k1...kt
)⊗ cdetq(T
k1...kt
j1...jt
).
In particular, if t = n, one has that
∆(rdet(T )) = rdet(T )⊗ rdet(T ),
∆(cdet(T )) = cdet(T )⊗ cdet(T ).
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Consider the following linear element Φ in Cf,r(Y )⊗Mp,u(n)⊗Cf,l(X):
(2.22) Φ =
n∑
i,j=1
yi ⊗ tij ⊗ xj = Y
t⊗˙T ⊗˙X.
Put further δ = (δ1, . . . , δn)
T , ∂ = (∂1, . . . , ∂n)
T , and consider the fol-
lowing elements:
δ = T ⊗˙X,(2.23)
∂ = Y ⊗˙T.(2.24)
Let ωi = yi ⊗ δi =
∑n
j=1 yi ⊗ tij ⊗ xj . The relations (2.16)-(2.19) imply
that
ωiωi = 0, 1 6 i 6 n,(2.25)
ωjωi = u
2ωiwj, 1 6 i < j 6 n.(2.26)
It follows from (2.25)-(2.26) that
Φn = (
∑
σ∈Sn
u2l(σ))ω1 · · ·ωn
= [n]u2 !(y1 · · · yn)⊗ (∂1 · · · ∂n)
= [n]u2 !(y1 · · · yn)⊗ rdet(T )⊗ (x1 · · · xn).
On the other hand, Φ can be rewritten as Φ =
∑n
i=1 ω
′
i with ω
′
i =
∂i ⊗ xi =
∑n
j=1 yj ⊗ aji ⊗ xi. Then
Φn = [n]u2 !(y1 · · · yn)⊗ cdet(T )⊗ (x1 · · · xn),
which implies that
rdet(T ) = cdet(T ).

Due to this identity, from now on, we will define the multiparameter
quantum determinant for the quantum group as
(2.27)
detq(T ) =
∑
σ∈Sn
(−q)σt1,σ1 · · · tn,σn
=
∑
σ∈Sn
(−p)σtσ1,1 · · · tσn,n.
For a pair of t indices i1, . . . , it and j1, . . . , jt, we define the quantum
row-minor ξi1...itj1...jt = detq(T
i1...it
j1...jt
) as in (2.27). Like the determinant, the
quantum row minor row also equals to the quantum column minor for any
pairs of ordered indices 1 6 i1 < · · · < it 6 n and 1 6 j1 < · · · < jt 6 n,
which justifies the notation.
For any t indices i1, . . . , it
δi1 · · · δit =
∑
j1<···<jt
detq(T
i1...it
j1...jt
)⊗ xj1 · · · xjt,
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where the sum runs through all indices 1 6 j1 < · · · < jt 6 n. This implies
that detq(T
i1...it
j1...jt
) = 0 whenever there are two identical rows.
As δi’s obey the relations (2.16)-(2.19), for any t-shuffle σ ∈ Sn : 1 6
σ1 < · · · < σt, σt+1 < · · · < σn 6 n, one has that
δσ1 · · · δσtδσt+1 · · · δσn = (−q)σδ1 · · · δn.
Note that xj ’s also satisfy the same relations. This then implies the following
Laplace expansion by invoking (2.28): for each fixed t-shuffle σ1 < · · · <
σt, σt+1 < · · · < σn, one has that
(2.29) detq(T ) =
∑
α
(−q)α
(−q)σ
detq(T
σ1...σt
α1...αt
)detq(T
σt+1...σn
αt+1...αn
),
where the sum runs through all t-shuffles α ∈ Sn such that α1 < · · · <
αt, αt+1 < · · · < αn. The Laplace expansion generalizes the one-parameter
formula given by [7].
In particular, for fixed i, k
(2.30)
δikdetq(T ) =
n∑
j=1
∏
l<j(−qlj)∏
l<i(−qli)
tijdetq(T
kˆ
jˆ
)
=
n∑
j=1
∏
l>j(−qjl)∏
l>i(−qil)
detq(T
kˆ
jˆ
)tij ,
where iˆ means the indices 1, . . . , i− 1, i + 1, . . . , n for brevity.
As for the quantum (column) determinant or column-minor, the corre-
sponding Laplace expansion for a fixed r-shuffle (τ1 . . . τn) of n such that
τ1 < · · · < τr, τr+1 < · · · < τn
(2.31) detq(T ) =
∑
β
(−p)β
(−p)τ
detq(T
β1...βr
τ1...τr
)detq(T
βr+1...βn
τr+1...τn
),
where the sum runs through all r-shuffles β ∈ Sn such that β1 < · · · <
βr, βr+1 < · · · < βn.
In particular, we have that for fixed i, k
δikdetq(T ) =
n∑
j=1
∏
l<j(−plj)∏
l<i(−pli)
tjidetq(T
jˆ
kˆ
)
=
n∑
j=1
∏
l>j(−pjl)∏
l>i(−pil)
detq(T
jˆ
kˆ
)tji.(2.32)
Theorem 2.2. In the bialgebra Mp,u(n) one has that
tijdetq(T ) = u
2(j−i)
∏n
l=1 qli∏n
l=1 qlj
detq(T )tij .
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Proof. LetX = (xij), T
′ = (t′ij), T
′′ = (t′′ij) be the matrices with entries
in Mp,u(n) defined by
xij = detq(T
jˆ
iˆ
),(2.33)
T ′ij =
∏
l<j(−qlj)∏
l<i(−qli)
tij ,(2.34)
T ′′ij =
∏
l>i(−pil)∏
l>j(−pjl)
tij .(2.35)
It follows from the Laplace expansion that
T ′detq = T
′XT ′′ = detqT
′′.
Therefore
∏
l<j(−qlj)∏
l<i(−qli)
tijdetq(T ) =
∏
l>i(−pil)∏
l>j(−pjl)
detq(T )tij . This is exactly
(2.36) tijdetq(T ) = u
2(j−i)
∏n
l=1 qli∏n
l=1 qlj
detq(T )tij .

Remark 2.3. [2] detq(T ) is central if and only if u
2(j−i)
∏n
l=1 qli =∏n
l=1 qlj for any i, j.
Theorem 2.2 implies that detq(T ) is a regular element in the bialge-
bra Mp,u(n), therefore we can define the localization Mp,u(n)[detq
−1], which
will be denoted as GLp,u(n) and called the multiparameter quantum group
corresponding to GLn(C). In fact, Theorem 2.2 gives the following identity:
(2.37) detq(T )
−1tij = u
2(j−i)
∏n
l=1 qli∏n
l=1 qlj
tijdetq(T )
−1.
By defining the antipode
(2.38)
S(tij) = (−1)
i−j
∏
l<i qli∏
l<j qlj
detq(T
jˆ
iˆ
)detq(T )
−1
= (−1)i−j
∏
l>j pjl∏
l>i pil
detq(T )
−1detq(T
jˆ
iˆ
),
the bialgebra GLp,u(n) becomes a Hopf algebra, thus a quantum group in
the sense of Drinfeld.
In fact, the second equation follows from (2.37). Therefore, TS(T ) =
S(T )T = I by the Laplace expansions. Subsequently
(id⊗ S)∆ = (S ⊗ id)∆ = ε.
3. Quasideterminants
In this section we will work with the ring of fractions of noncommutative
elements. First of all let us recall some basic facts about quasideterminants.
Let X be the set of n2 elements xij, 1 ≤ i, j ≤ n. For convenience, we also
use X to denote the matrix (xij) over the ring generated by xij .
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Denote by F (X) the free division ring generated by 0, 1, xij , 1 ≤ i, j ≤ n.
It is well-known that the matrixX = (xij) is an invertible element over F (X)
[6] .
Let I, J be two finite subsets of cardinality k ≤ n inside {1, . . . , n}.
Following [6], we introduce the notion of quasiderminant.
Definition 3.1. For i ∈ I, j ∈ J , the (i, j)-th quasideterminant |X|ij is
the following element of F (X):
|X|ij = y
−1
ji ,
where Y = X−1 = (yij).
If n = 1, I = i, J = j. Then |X|ij = xij.
When n ≥ 2, and let Xij be the (n − 1) × (n − 1)-matrix obtained
from X by deleting the ith row and jth column. In general Xi1···ir ,j1···jr
denotes the submatrix obtained from X by deleting the i1, · · · , ir-th rows,
and i1, · · · , ir-th columns. Then
|X|ij = xij −
∑
i′,j′
xii′(|X
ij |j′i′)xj′j,
where the sum runs over i′ /∈ I \ {i}, j′ /∈ J \ {j}.
Theorem 3.2. In the ring of fractions of elements of Mp,u(n), one has
that
(3.1) detq(T ) = |T |11|T
11|22|T
12,12|33 · · · tnn
and the quasi-minors on the right-hand side commute with each other. More
generally, for two permutations σ and τ of Sn, one has that
(3.2) detq(T ) =
(−q)τ
(−q)σ
|T |σ1τ1 |T
σ1τ1 |σ2τ2 |T
σ1σ2,τ1τ2 |σ3τ3 · · · tσnτn .
Proof. By definition the quasi-determinants of T are inverses of the
entries of the antipode S(T ),
(3.3)
|T |ij = S(tji)
−1 =
∏
l<i(−qli)∏
l<j(−qlj)
detq(T )detq(T
ij)−1
=
∏
l>j(−pjl)∏
l>i(−pil)
detq(T
ij)−1detq(T ),
then
(3.4)
∏
l<j(−qlj)∏
l<i(−qli)
|T |ijdetq(T
ij) = detq(T ),
∏
l>i(−pil)∏
l>j(−pjl)
detq(T
ij)|T |ij = detq(T ).
By induction on the size of the matrix T , one sees that (3.1) and (3.2) hold.
It follows from (2.36) that detq(T
{1,...,s}{1,...,s}) and detq(T
{1,...,t}{1,...,t})
commute for 1 ≤ s, t ≤ n−1. Any factor on the right hand side of (3.1) can
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be expressed as detq(T
{1,...,s}{1,...,s})detq(T
{1,...,s+1}{1,...,s+1})
−1
multiplied by
a scalar, therefore they commute with each other. 
4. Multi-parameter quantum algebras
In this section we study the algebra U(R) = Up,u(gln) as the dual Hopf
algebra of GLp,u(n). Following [5, 20], U(R) is defined as the associative
algebra generated by l+ij , l
−
ji, 1 ≤ i ≤ j ≤ n with unit subject to the relations:
R+L±1 L
±
2 = L
±
2 L
±
1 R
+,(4.1)
R+L+1 L
−
2 = L
−
2 L
+
1 R
+,(4.2)
where L± = (l±ij)n×n, L
±
1 = L
± ⊗ I and L±2 = I ⊗ L
±. U(R) is a Hopf
algebra with the coproduct, counit and antipode given by
∆(L±) = L±⊗˙L±,
ε(L±) = I,
S(L±) = (L±)−1.
There is a unique pairing of Hopf algebras
(4.3) ( , ) : U(R)×GLp,u(n)→ C
satisfying the following relations
(L±1 , T2) = R
±.(4.4)
In terms of generators, the pairing is given by
(l±kk, tij) = δiju
±, k = j,(4.5)
(l±kk, tij) = δijqjku
−1, k > j,(4.6)
(l±kk, tij) = δijpkju
−1, k < j,(4.7)
(l+k,l, tij) = δk,jδi,l(u− u
−1), k < l,(4.8)
(l−l,k, tij) = δl,jδi,k(u
−1 − u), k < l.(4.9)
The pairing is extended to the whole algebra as follows: for any a, b ∈
U(R), u, v ∈ GLp,u(n)
(ab, u) = (a⊗ b,∆(u)),(4.10)
(a, uv) = (∆(a), u ⊗ v).(4.11)
It is easy to see that
(l±k,l,detq(T )) = 0, k 6= l,(4.12)
(l+k,k,detq(T )) = u
2−n
∏
j<k
qjk
∏
j>k
pkj,(4.13)
(l−k,k,detq(T )) = u
n−2
∏
j<k
p−1jk
∏
j>k
q−1kj .(4.14)
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The elements of U(R) can be viewed as linear functionals on GLp,u(n) in
a canonical method. If V is a right GLp,u(n)-comodule (resp. left GLp,u(n)-
comodule) with the structure map LG : V → V ⊗GLp,u(n) (resp. LG : V →
GLp,u(n)⊗ V ), then V has a left (resp. right) U(R)-module structure via
(4.15) a.v = (id⊗ a)RG(v) (resp. v.a = (a⊗ id)LG(v)),
for all a ∈ U(R) and v ∈ V . Thus
L±1 .T2 = R
±T2,(4.16)
T1.L
±
2 = T1R
±.(4.17)
So the action on the generators is given by
l±kk.tik = u
±1tik,(4.18)
l±kk.tij = u
−1qjktij , k > j,(4.19)
l±kk.tij = u
−1pkjtij , k < j,(4.20)
l+kl.tij = δk,j(u− u
−1)til, k < l,(4.21)
l−lk.tij = δl,j(u
−1 − u)tik, k < l.(4.22)
Similarly the right action of U(R) is given by
tkj.l
±
kk = u
±1tkj,(4.23)
tij.l
±
kk = u
−1qiktij , k > i,(4.24)
tij.l
±
kk = u
−1pkitij, k < i,(4.25)
tij.l
+
k,l = δl,i(u− u
−1)tk,j, k < l,(4.26)
tij.l
−
l,k = δk,i(u
−1 − u)tl,j, k < l.(4.27)
Moreover the action on detq(T ) is as follows:
l±kl.detq(T ) = detq(T ).l
±
k,l = 0, k 6= l,(4.28)
l+kk.detq(T ) = detq(T ).l
+
k,k = u
2−n
∏
j<k
qjk
∏
j>k
pkjdetq(T ),(4.29)
l−kk.detq(T ) = detq(T ).l
−
k,k = u
n−2
∏
j<k
p−1jk
∏
j>k
q−1kj detq(T ).(4.30)
For the spectral parameter λ, we introduce the R-matrix R(λ) = λR+−
λ−1R−, which satisfies the Yang-Baxter equation:
(4.31) R12(λ/µ)R13(λ)R23(µ) = R23(µ)R13(λ)R12(λ/µ).
Set L(λ) = λL+ − λ−1L−. Then the commutation relations (4.1) and (4.2)
can be combined into one:
(4.32) R(λ/µ)L1(λ)L2(µ) = L2(µ)L1(λ)R(λ/µ).
As U(R) acts on the quantum group from both sides, we will adopt
the following convention to distinguish the actions. For any element a of
12 NAIHUAN JING AND JIAN ZHANG
U(R) or Up,u(gln), we denote by a and a
o its action from the left and right
respectively when viewed as operators.
In particular, we consider the left (right) action of the elements l±ij on
GLp,u(n). Mimicking the classical action of GLn(C)×GLn(C) on the algebra
of polynomial functions P(Mn(C)), we introduce the following special linear
operator L(λ)S(T )◦ ∈ End(GLp,u(n)). Explicitly its action on any φ ∈
GLp,u(n) is given by
(4.33) L(λ)S(T )◦(φ) = L(λ).(φ.S(T ))
The components of L(λ)S(T )◦ behave similarly as the classical differential
operators ∂
∂tij
. Similarly, one can also consider the operator S(T )L(λ)◦. It
turns out that these two operators are the same.
Proposition 4.1. For any spectral parameter λ, the following identity
holds over GLp,u(n)
L(λ)S(T )◦ = S(T )L(λ)◦.(4.34)
Set L(λ)S(T )◦ = (u−u−1)∂(λ)t, and ∂(λ) = λ∂+−λ−1∂−, then the matrix
entries ∂±ij of ∂
± are the linear operators in End(GLp,u(n))⊗C[u, u
−1] that
satisfy the following relations:
Lji(λ) = (u− u
−1)
n∑
k=1
toki∂kj(λ),(4.35)
Loji(λ) = (u− u
−1)
n∑
k=1
tjk∂ik(λ).(4.36)
Proof. The identity (4.34) means that for any ϕ ∈ GLp,u(n),
(u− u−1)∂(λ)tϕ = (L(λ).ϕ)S(T )
= S(T )(ϕ.L(λ)).
(4.37)
Multiplying T to both sides of (4.37), the identity becomes the following
one:
TL(λ).ϕ = ϕ.L(λ)T,(4.38)
or equivalently, TL±.ϕ = ϕ.L±T on GLp,u(n). This latter identity can be
shown as follows. For the generators tij, by the action of L
± (4.16)-(4.17)
we have that
T1L1.T2 = T1T2R
± = R±T2T1 = T2.L
±T1.(4.39)
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The validity of (4.38) in general follows from the coproduct. In fact for
any two elements ϕ,ψ ∈ GLp,u(n), it follows from the action of L
± that
TL±.(ϕψ) = T∆(L±).(ϕ⊗ ψ)
= T (L±.ϕ)(L±.ψ)
= (ϕ.L±)T (L±.ψ)
= (ϕ.L±)(ψ.L±)T
= (ϕψ).L±T.
(4.40)
Therefore (4.34) is proved and the operators ∂(λ) are uniquely determined
by the expression (4.37). 
Set R̂(λ) = PR(λ). Then the Yang-baxter equation (4.31) is equivalent
to the braid relation
(4.41) R̂12(λ/µ)R̂23(λ)R̂12(µ) = R̂23(µ)R̂12(λ)R̂23(λ/µ).
Correspondingly the defining relation (4.32) can be written as
(4.42) R̂(λ/µ)L(λ) ⊗ L(µ) = L(µ)⊗ L(λ)R̂(λ/µ).
For any i < j, R̂(u−1)ej ⊗ ei = −p
−1
ij R̂(u
−1)ei ⊗ ej. We introduce the
antisymmetrizers inductively as follows. Let s2 = R̂12(u
−1), and iteratively
define that
sk+1 = R̂12(u
−1)R̂23(u
−2) · · · R̂k,k+1(u
−k)sk.
We denote by A(n) the normalized antisymmetrizer:
(4.43) A(n) =
1
[n]u2 !
∑
σ,τ∈Sn
(−q)−1σ (−p)
−1
τ eσ(1)τ(1) ⊗ · · · ⊗ eσ(n)τ(n),
then (A(n))2 = A(n). The following lemma can be verified by induction.
Lemma 4.2. One has that
(4.44) sn = (u− u
−1)
n(n−1)
2 [n]u2 !A
(n)
Lemma 4.3. One has the identity
(4.45)
A(n)R0n(xu
−(n−1)) · · ·R02(xu
−1)R01(x)
= R0n(x) · · ·R02(xu
−(n−2)))R01(xu
−(n−1))A(n)
=M(x)0A
(n)
where M = (Mij) ∈ End(C
n) is a diagonal matrix such that
Mii(x) = u
−n+1(xu− x−1u−1)
∏
j 6=i
(xu2−j − x−1uj−2)
∏
j<i
qji
∏
j>i
pij .(4.46)
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Proof. The first equality follows from the Yang-Baxter equation. Since
for any σ ∈ Sn
A(n)eσ(1) ⊗ · · · ⊗ eσ(n) = (−p)
−1
σ A
(n)e1 ⊗ e2 ⊗ · · · ⊗ en,
it is enough to prove that
A(n)R0n(xu
−(n−1)) · · ·R02(xu
−1)R01(x)ei ⊗ ei ⊗ e1 ⊗ · · · eˆi ⊗ · · · ⊗ en
=Miiei ⊗A
(n)ei ⊗ ei ⊗ e1 ⊗ · · · eˆi ⊗ · · · ⊗ en.
Note that R01(x)ei⊗ei = (xu−x
−1u−1)ei⊗ei andR0n(xu
−(n−1)) · · ·R02(xu
−1)
fix the first component. The only vector not annihilated by A(n) is ei⊗ ei⊗
e1 ⊗ · · · eˆi ⊗ · · · ⊗ en, and the coefficient is Mii(x). 
Theorem 4.4. Let z(x) be the following element of Up,u(gln):
z(x) =
∑
σ,τ∈Sn
(−p)−1σ (−q)
−1
τ Lσ1τ1(xu
1−n)Lσ2τ2(xu
2−n) · · ·Lσnτn(x)(4.47)
Then the coefficients zi of z(x) are quasi-central elements of Up,u(gln) in the
sense that
(4.48) L(λ)z(x) = z(x)M(λun−1/x)−1L(λ)M(λun−1/x).
Proof. It follows from (4.32), Lemma 4.2 and Lemma 4.3 that
L0(λ)A
(n)L1(xu
1−n) · · ·Ln(x)
=R01(λ/x)
−1R02(λu/x)
−1 · · ·R0n(λu
n−1/x)−1
× L1(x)L2(xu
−1) · · ·Ln(xu
1−n)L0(u)
×R0n(λu
n−1/x) · · ·R01(λ/x)A
(n)
=R01(λ/x)
−1R02(λu/x)
−1 · · ·R0n(λu
n−1/x)−1
× L1(x)L2(xu
−1) · · ·Ln(xu
1−n)L0(u)M(λu
n−1/x)0A
(n)
=R01(u/x)
−1R02(uλ/x)
−1 · · ·R0n(uλ
n−1/x)−1A(n)
× L1(xu
1−n) · · ·Ln(x)L0(u)M(λu
n−1/x)0
=A(n)L1(xu
1−n) · · ·Ln(x)M(λu
n−1/x)−10 L0(u)M(λu
n−1/x)0
Taking partial trace Tr12...n on both sides, we obtain that
(4.49) L(λ)z(x) = z(x)M(λun−1/x)−1L(λ)M(λun−1/x).

Recall that the quantum p-exterior algebra Λn(Y ) is generated by y1, . . . , yn
subject to the relations Y t1Y
t
2 (R̂+ u
−1) = 0 or explicitly
y2i = 0,(4.50)
pijyiyj + yjyi = 0 (1 ≤ i < j ≤ n) .(4.51)
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We consider the following elements ηj , ζ
±
j ∈ Λn(Y ) ⊗ End(Mp,u(n)) de-
fined by
ηj =
n∑
i=1
yi ⊗ tij,(4.52)
ζ±j = (u− u
−1)−1
n∑
i=1
yi ⊗ L
±◦
ij .(4.53)
Set H = (η1, . . . , ηn)
t and Z± = (ζ±1 , . . . , ζ
±
n )
t . Then the equations (4.52)-
(4.53) can be written as
Ht = Y t⊗˙T,(4.54)
Z±
t
= (u− u−1)−1Y t⊗˙L±
◦
.(4.55)
Therefore Z(λ)t = (u− u−1)−1Y t⊗˙L(λ)◦ = (ζ1(λ), . . . , ζn(λ)), or by (4.35)
ζj(λ) =
∑
i,k
yi ⊗ tik∂jk(λ) =
∑
k
ηk∂jk(λ) .(4.56)
Proposition 4.5. For the elements ηj , ζj(λ), the following commutation
relations hold:
ζi(uλ)ζi(λ) = 0 (i = 1, . . . , n),(4.57)
pijζi(uλ)ζj(λ) + ζj(uλ)ζi(λ) = 0 (1 ≤ i < j ≤ n),(4.58)
ζi(uλ)ηj + ηjζi(λ) = 0 (1 ≤ i, j ≤ n).(4.59)
Proof. Using the variables ζi(λ) to form the vector Z(λ) = (ζ1(λ), . . . , ζn(λ))
t,
we can write the first two relations as
Z(uλ)t ⊗ Z(λ)tR̂(u) = 0.
Note that H = (η1, . . . , ηn)
t, the last relation is rewritten as
Z(uλ)t ⊗Ht = −Ht ⊗ Z(λ)t(4.60)
We can show the relation easily as follows.
Z(uλ)t ⊗ Z(λ)tR̂(u) = (u− u−1)−2(Y t⊗˙L(uλ)◦)⊗ (Y t⊗˙L(λ)◦)R̂(u)
= (u− u−1)−2(Y t ⊗ Y t)⊗˙(L(uλ)◦ ⊗ L(λ)◦)R̂(u)
= (u− u−1)−2(Y t ⊗ Y t)⊗˙R̂(u)(L(λ)◦ ⊗ L(uλ)◦)
= (u− u−1)−2(Y t ⊗ Y t)R̂(u)⊗˙(L(λ)◦ ⊗ L(uλ)◦) = 0
Recalling the defining relation, we have that
(u− u−1)Ht2Z
±
1
t
= yt2y
t
1T2L
±◦
1
=yt2y
t
1(R
±)−1L±◦1 T2
=− u±1yt1y
t
2L
±◦
1 T2
=− (u− u−1)u±1Z±1
t
Ht2.
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This completes the proof. 
Up to a scalar, z(x) can be written as follows:
(4.61)
∑
σ,τ∈Sn
(−p)σ(−q)τLσnτn(xu
1−n)Lσn−1τn−1(xu
2−n) · · ·Lσ1τ1(x).
This latter element will be denoted by c(x). Then
(4.62) c(x)◦ =
∑
σ,τ∈Sn
(−p)σ(−q)τLσ1τ1(x)
◦Lσ2τ2(xu
−1)◦ · · ·Lσnτn(xu
1−n)◦.
By Proposition 4.5, c(x)◦ can be simplified as follows:
(4.63) c(x)◦ = [n]u2 !
∑
σ∈Sn
(−p)σLσ11(x)
◦Lσ22(xu
−1)◦ · · ·Lσnn(xu
1−n)◦.
Let d(x) = (u − u−1)−n[n]u2 !
−1c(x)◦. In terms of ζj’s, d(x) is expressed as
an element in the quantum exterior algebra.
ζ1(x)ζ2(xu
−1) · · · ζn(xu
1−n) = y1 · · · yn ⊗ d(x) .(4.64)
Theorem 4.6 (Generalized quantum Capelli identity). On the multipa-
rameter quantum group GLp,u(n) one has the following generalization of the
classical Capelli identity:
d(xun−1) =
∏
i<j
pijdetp(T )rdetp−1(∂(x)).
Proof. Using the commutation relation (4.59) of ηj and ξi(λ), we have
that
ζ1(xu
n−1)ζ2(xu
n−2) · · · ζn(x)
=
∑
k
ζ1(xu
n−1)ζ2(xu
n−2) · · · ζn−1(xu)ηk∂nk(x)
= (−1)n−1
∑
k
ηkζ1(xu
n−2) · · · ζn−1(x)∂nk(x)
= (−1)
n(n−1)
2
∑
kn,...,kn
ηkn · · · ηk1∂1k1(x) · · · ∂nkn(x)
= (−1)
n(n−1)
2 ηn · · · η1rdetp−1(∂(x))
=
∏
i<j
pijη1 · · · ηnrdetp−1(∂(x))
=
∏
i<j
pijy1 · · · yn ⊗ detp(T )rdetp−1(∂(x)).
On the other hand, by (4.64) this is equal to y1 · · · yn⊗ d(xu
n−1), which
completes the proof. 
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For each k = 1, . . . , n we set
αk = u
2−n
∏
j<k
qjk
∏
j>k
pkj,
βk = u
n−2
∏
j<k
p−1jk
∏
j>k
q−1kj .
and for the spectral parameter x, denote γk,s(x) = xα
s
k − x
−1βsk, s ∈ N.
Corollary 4.7. For each s ∈ N one has that
rdetp−1(∂(x))detp(T )
s = (u− u−1)−n
∏
i<j
p−1ij
n∏
i=1
γi,s(xu
n−i)detq(T )
s−1.
Proof. Note that
detq(T ).L
±
ij = 0, i 6= j,
detq.l
+
k,k = αkdetq,
detq.l
−
k,k = βkdetq.
Therefore detq(T )
s.Lii(x) = γk,s(x) detq(T )
s. Applying both sides of the
Capelli identity to detq(T )
s, we obtain the formula. 
5. Multiparameter quantum Pfaffians
Definition 5.1. Let B = (bij) be an 2n × 2n square p-antisymmetric
matrix with noncommutative entries such that bji = −pijbij , i < j. The
multiparameter quantum q-Pfaffian is defined by
Pfq(B) =
∑
σ∈Π
(−q)σbσ(1)σ(2)bσ(3)σ(4) · · · bσ(2n−1)σ(2n),
where p = (pij), q = (qij), i < j, and the sum runs through the set Π of
permutations σ of 2n such that σ(2i − 1) < σ(2i), i = 1, . . . , n.
Note that the parameters qij and pij satisfy the (p, u) condition: pijqij =
u.
Proposition 5.2. For any 0 ≤ t ≤ n,
(5.1) Pfq(B) =
∑
I
inv(I, Ic)Pfq(BI)Pfq(BIc),
where the sum is taken over all subsets I = {i1 · · · i2t|i1 < · · · < i2t} of
[1, 2n], and
(5.2) inv(I, J) =
∏
i∈I,j∈J,i>j
(−qji).
Proof. Let Ω =
∑
i<j bijxixj, where xi ∈ Λq(x). Then
(5.3) Ωn = Pfq(B)x1x2 · · · x2n.
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On the other hand,
(5.4)
Ωn = ΩtΩn−t
=
∑
I,J
Pf(BI)xIPf(BIc)xJ
=
∑
I,J
Pf(BI)Pf(BIc)xIxJ .
It is easy to see that xIxJ vanishes unless J = I
c. Therefore
Ωn =
∑
I
Pf(BI)Pf(BIc)xIxIc
=
∑
I
inv(I, Ic)Pf(BI)Pf(BIc)x1x2 · · · x2n.
Thus we conclude that
Pf(B) =
∑
I
inv(I, Ic)Pf(BI)Pf(BIc).

Theorem 5.3. Let B = (bij)1≤i,j≤2n be the p-antisymmetric matrix such
that bji = −pijbij , i < j, and assume that the entries of B commute with
those of a (p, u)-matrix T = (tij)1≤i,j≤2n. Let C = T
tBT . Then
(5.5) cji = −pijcij , i < j
and
(5.6) Pfq(C) = detq(T )Pfq(B).
Proof. We first check that cij also form anti-symmetric matrix. We
compute that
cii =
∑
k,l
tkibkltli =
∑
k<l
tkibkltli + tliblktki
=
∑
k<l
(tkitli − pkltlitki)bkl = 0.
For i < j,
cij =
∑
k,l
tkibkltlj =
∑
k<l
(tkibkltlj + tliblktkj)
=
∑
k<l
(tkitlj − pkltlitkj)bkl =
∑
k<l
detq(T
kl
ij )bkl,
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cji =
∑
k,l
tkjbkltli =
∑
k<l
(tkjtli − pkltljtki)bkl
=
∑
k<l
−pij(tkitlj − pkltlitkj)bkl = −pij
∑
k<l
detq(T
kl
ij )bkl
= −pijcij .
Consider the element
Ω = Xt⊗˙C⊗˙X,
where we recall that X = (x1, . . . , xn)
t and xi ∈ Λq(x). Explicitly we have
that Ω =
∑
1≤i,j≤n cijxixj =
∑
i<j(1 + u
2)cijxixj , therefore
(5.7) Ωn = (1 + u2)nPfq(C)x1x2 · · · x2n.
On the other hand, let ωi =
∑n
j=1 tij ⊗ xj. Then
ωjωi = −qijωiωj, i < j,
ωiωi = 0.
As T ⊗˙X = (ω1, . . . , ω2n)
t, one has that
Ω = Xt⊗˙T tBT ⊗˙X = (T ⊗˙X)tB(T ⊗˙X)
=
∑
1≤i,j≤n
bijωiωj
=
∑
i<j
(1 + u2)bijωiωj.
Therefore
(5.8)
Ωn = (1 + u2)nPfq(B)ω1ω2 · · ·ω2n
= (1 + u2)nPfq(B)detq(T )x1x2 · · · x2n
Subsequently we have proved that
Pfq(C) = detq(T )Pfq(B).

The following column analog is clear.
Remark 5.4. Let B be any matrix with entries bij , 1 ≤ i, j ≤ 2n
commuting with aij and bji = −qijbij , i < j. Let C = TBT
t. Then
cji = −qijcij, i < j and Pfp(C) = detq(T )Pfp(B).
Let bji = −pijbij , i < j, b
′
ji = −qijb
′
ij, i < j. We define the quadratic
elements zlij and z
r
ij , 1 ≤ i, j ≤ n as follows:
(5.9) zlij =
∑
k<l
bklξ
kl
ij , z
r
ij =
∑
k<l
b′klξ
ij
kl.
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Let Al(resp. Ar ) be the subalgebra generated by zlij (z
r
ij). Since
∆(zlij) =
∑
s<t z
l
st ⊗ ξ
st
ij , ∆(z
r
ij) =
∑
s<t ξ
ij
st ⊗ z
r
st, A
l(resp. Ar ) is left(resp.
right) submodule of GLp,u(n) . It is clear that Pfq(z
l) (resp. Pfp(z
r)) is
annihilated by all l±kl, k 6= l.
l+k,k.Pfq(z
l) = u2−n
∏
j<k
qjk
∏
j>k
pkjPfq(z
l),(5.10)
l−k,k.Pfq(z
l) = un−2
∏
j<k
p−1jk
∏
j>k
q−1kj Pfq(z
l),(5.11)
Pfp(z
r).l+k,k = u
2−n
∏
j<k
qjk
∏
j>k
pkjPfp(z
r),(5.12)
Pfp(z
r).l−k,k = u
n−2
∏
j<k
p−1jk
∏
j>k
q−1kj Pfp(z
r).(5.13)
6. Multiparameter quantum hyper-Pfaffians
We now generalize the notion of the quantum multiparameter Pfaffian
to the quantum hyper-Pfaffian. A hypermatrix A = (Ai1···in) is an array of
entries indexed by several indices, while a matrix is indexed by two indices.
Definition 6.1. Let B be a hypermatrix with noncommutative entries
bi1···im , 1 ≤ ik ≤ mn, k = 1, . . . ,m. Multiparameter quantum hyper-Pfaffian
is defined by
Pfq(B) =
∑
σ∈Π
(−q)σbσ(1)···σ(m) · · · bσ(m(n−1)+1)···σ(mn),
where Π is the set of permutations σ of mn such that σ((k − 1)m + 1) <
σ((k − 1)m+ 2) < σ(km), k = 1, . . . , n.
Note that the multiparameter Pfaffian uses only the entries bi1···im , where
i1 < · · · < im.
Similar to Proposition 5.2, one has the following result.
Proposition 6.2. For any 0 ≤ t ≤ n,
(6.1) Pf(B) =
∑
I
inv(I, Ic)Pf(BI)Pf(BIc),
where I runs through subsets of [1,mn] such that |I| = mt.
Proof. Let Ω =
∑
i1<···<im
bi1···imxi1xi2 · · · xim , then one has that
(6.2) Ωn = Pfq(B)x1x2 · · · x2n.
and
(6.3) Ωn = ΩtΩn−t =
∑
I,J
Pf(BI)Pf(BIc)xIxJ ,
where as usual we have put xI = xi1xi2 · · · xim . Comparing (6.2) and (6.3),
one has the statement. 
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Theorem 6.3. Let B = (bi1···im)1≤i1,...im≤mn be any hypermatrix with
noncommutative entries commuting with those of the matrix T = (tij). Let
cI =
∑
J
detq(T
J
I )bJ ,
then Pfq(C) = detq(T )Pfq(B).
Proof. Let δi =
∑mn
j=1 tijxj, and consider the element Ω =
∑
cIxI . It
is clear that
(6.4) Ωn = Pfq(C)x1x2 · · · x2n.
On the other hand, Ω =
∑
bJδJ . Then
(6.5) Ωn = Pf(B)δ1δ2 · · · δ2n = Pf(B)detq(T )x1x2 · · · x2n.
Comparing (6.4) and (6.5) we conclude that
Pfq(C) = detq(T )Pfq(B).

Remark 6.4. The column-analog is also true. In fact, one has the
following result. Let B = (bi1···im)1≤i1,...im≤mn be any hypermatrix with
noncommutative entries commuting with those of the matrix T = (tij). Let
cI =
∑
J
detq(T
I
J )bJ ,
then Pfp(C) = detq(T )Pfp(B).
Acknowledgments
The work is supported by National Natural Science Foundation of China
(11531004), Fapesp (2015/05927-0), Humboldt Foundation and Simons Foun-
dation 523868. Jing acknowledges the support of Max-Planck Institute for
Mathematics in the Sciences, Leipzig. Both authors also thank South China
University of Technology for support during the work.
References
[1] Michael Artin, William Schelter, John Tate, Quantum deformations of GLn,
Comm. Pure Appl. Math. 44 (1991), 879-895.
[2] Ken A. Brown, Ken R. Goodearl, Lectures on algebraic quantum groups,
Birkha¨user, 2012.
[3] Richard Dipper, Stephen Donkin, Quantum GLn, Proc. London Math. Soc. (3) 63
(1991), 165-211.
[4] Jie Du, Brian Parshall, Jian-pan Wang, Two-parameter quantum linear groups and
the hyperbolic invariance of q-Schur algebras, J. London Math. Soc. (2) 44 (1991),
420-436.
[5] L. D. Faddeev, N. Yu. Reshetikhin, L. A. Takhtajan, Quantization of Lie groups
and Lie algebras, Algebraic analysis, Vol. I, pp. 129-139, Academic Press, Boston,
MA, 1988.
[6] Israel Gelfand, Sergei Gelfand, Vladimir Retakh, Robert Lee Wilson, Quasideter-
minants, Adv. Math. 193 (2005), 56-141.
22 NAIHUAN JING AND JIAN ZHANG
[7] Mitsuyasu Hashimoto, Takahiro Hayashi, Quantum multilinear algebra, Tohoku
Math. J. (2) 44 (1992), 471-521.
[8] Timothy J. Hodges, Thierry Levasseur, Margarita Toro, Algebraic structure of
multiparameter quantum groups, Adv. Math. 126 (1997), 52-92.
[9] Roger Howe, Remarks on classical invariant theory, Trans. Amer. Math. Soc. 313
(1989), 539-570; Erratum, ibid. 318 (1990), 823.
[10] Michio Jimbo, A q-analogue of U(gl(N+1)), Hecke algebra, the Yang-Baxter equa-
tion, Lett. Math. Phys. 11 (1986), 247-252.
[11] Naihuan Jing, Ming Liu, R-matrix realization of two-parameter quantum group
Ur,s(gln), Commun. Math. Stat. 2 (2014), 211-230.
[12] Naihuan Jing, Jian Zhang, Quantum Pfaffians and hyper-Pfaffians, Adv. Math.
265 (2014), 336-361.
[13] Naihuan Jing, Jian Zhang, Quantum permanents and Hafnians via Pfaffians, Lett.
Math. Phys. 106 (2016), 1451-1464.
[14] T. Levasseur, J. T. Stafford, The quantum coordinate ring of the special linear
group, J. Pure Appl. Algebra 86 (1993), 181-186.
[15] Yu. I. Manin, Notes on quantum groups and quantum de Rham complexes. Teoret.
Mat. Fiz. 92 (1992), 425–450; English transl. in: Theoret. Math. Phys. 92 (1992),
997-1023.
[16] Alexander Molev, Yangians and classical Lie algebras, Amer. Math. Soc., Provi-
dence, RI, 2007.
[17] M. L. Nazarov, Quantum Berezinian and the classical Capelli identity, Lett. Math.
Phys. 21 (1991), 123-131.
[18] Masatoshi Noumi, Toru Umeda, Masato Wakayama, A quantum analog of the
Capelli identity and an elementary differential calculus on GLq(n), Duke J. Math.
76 (1994), 567-594.
[19] N. Reshetikhin, Multiparameter quantum groups and twisted quasitriangular Hopf
algebras, Lett. Math. Phys. 20 (1990), 331-335.
[20] N. Yu. Reshetikhin, L. A. Takhtadzhyan, L. D. Faddeev, Quantization of Lie groups
and Lie algebras, Algebra i Analiz 1 (1989), 178-206; transl. in: Leningrad Math.
J. 1 (1990), 193-225.
[21] Arne Schirrmacher, The multiparametric deformation of GL(n) and the covariant
differential calculus on the quantum vector space, Z. Phys. C 50 (1991), 321-327.
[22] A. Sudbery, Consistent multiparameter quantization of GL(n), J. Phys. A 23
(1990), L697-L704.
[23] Mitsuhiro Takeuchi, Two parameter quantization of GL (summary), Proc. Japan
Acad. 66, Ser. A, (1990), 112-114.
[24] Hermann Weyl, The classical groups, their invariants and representations, Prince-
ton University Press, Princeton, 1946.
NJ: Department of Mathematics, Shanghai University, Shanghai 200444,
China and Department of Mathematics, North Carolina State University,
Raleigh, NC 27695, USA
E-mail address: jing@ncsu.edu
JZ: Institute of Mathematics and Statistics, University of Sao Paulo, Sao
Paulo, Brazil 05315-970
E-mail address: zhang@ime.usp.br
